Abstract. In this paper sound transmission through the multilayered viscoelastic air filled cylinders subjected to the incident acoustic wave is studied using the technique of separation of variables on the basis of linear three dimensional theory of elasticity. The effect of interior acoustic medium on the mode maps (frequency vs geometry) and noise reduction is investigated. The effects of internal absorption and external moving medium on noise reduction are also evaluated. The dynamic viscoelastic properties of the structure are rigorously taken into account with a power law technique that models the viscoelastic damping of the cylinder. A parametric study is also performed for the two layered infinite cylinders to obtain the effect of viscoelastic layer characteristics such as thickness, material type and frequency dependency of viscoelastic properties on the noise reduction. It is shown that using constant and frequency dependent viscoelastic material with high loss factor leads to the uniform noise reduction in the frequency domain. It is also shown that the noise reduction obtained for constant viscoelastic material property is subjected to some errors in the low frequency range with respect to those obtained for the frequency dependent viscoelastic material.
Introduction
Hollow cylindrical structures are used in many practical systems such as marine structures, payload fairings of the launch vehicles, aircraft fuselages and gas pipe lines. In most of the investigations, the cylindrical structures are considered as an infinite length to eliminate the effect of the end boundary conditions in the solution procedure. Doolittle and Uberal [22] provided a classical normal mode solution for the scattered field corresponding to a plane sound wave incident on an infinite elastic circular cylindrical concentric shell, imbedded in a fluid and enclosing another fluid. White [19] studied the transmission of an acoustic wave through the infinite and finite isotropic cylindrical shells which has been derived to be a strong function of frequency and the angle of incident between the axis of the cylinder and the incoming wave. They used the concept of averaging of energy and energy flow over the space, time and frequency band. In this study the average energy and energy flow were used to characterize the physical phenomenon and the individual details of the modal response were not performed. Junger and Garrelick [18] analyzed the scattering of a plane harmonic wave incident on the rigid sphere and a finite cylinder which partially coated with the finite impedance coating and parallel to the incident wave front, by underlying assumptions of kirchhoff-type formulations of the cross sections of cylindrical and spherical scatters. Koval [15] used thin-walled cylindrical shell equations of Flügge-Lure-Byrne to study the transmission of the obliquely incident plane wave noise into a pressurized aircraft fuselage subjected to a uniform flow in the external medium. Flax and Neubauer [13] performed theoretical investigations on the reflection of plane waves by a layered cylindrical shell immersed in water. They applied their solution to the vacuumed bodies to calculate the reflected pressures. Flax et al. [14] applied the resonance formalism of nuclear-reaction theory to the problem of sound scattering from submerged elastic bodies (Circular cylinders and spheres). Koval [16] investigated the transmission of airborne noise into an aircraft fuselage and the effects of internal cavity resonances on the sound transmission into a thin cylindrical shell. He used the Flügge equation to model the shell. Again Koval [17] provided a mathematical model for the transmission of an oblique plane wave into a laminated composite shell. He also studied the effect of the fibers orientation of composite shells on the noise attenuation. Dickey et al. [8] investigated scattering resulting from a high-frequency plane-wave incident upon an infinite aluminum circular cylindrical shell immersed in and filled with water by applying the Sommerfeld-Watson transformation to the classical Rayleigh normal-mode series solution. The resulting contour integrals computed by both the saddle point and residue theorem methods. Bao et al. [28] investigated the relationship between the resonances and surface waves in the scattering of an obliquely incident acoustic wave from an infinite elastic solid cylinder using three dimensional solution of the normal modes. Bofilios and Lyrintzis [3] investigated structure borne noise transmission of finite double walled and fiber reinforced cylindrical enclosures due to the stochastic excitations. The shell skins were modeled according to a laminated cylindrical thin shell theory and the solution of governing acoustic-structural equations is obtained via modal decomposition and Galerkin like approach. Skelton and James [5] studied the far field sound radiation from anisotropic multi-layered cylinders. They used Fourier integral transform and energy methods considering the excitations, time harmonic point force, point source and oblique plane wave incident. Cheng [12] studied the acoustic field inside a plate-ended cylindrical shell due to a point force. The governing equations of the plate-ended shell were obtained using variational principle via finding the extremum of Hamilton's function over a subspace of displacement trial function, which was followed by Rayleigh-Ritz procedure. The acoustic field was also obtained from Helmotz equation by the means of Green's function and considering the displacement decomposition of the structure with the equations characterizing the acoustic response. Sastry and Munjal [9, 10] investigated the noise transmission into a multilayered infinite cylinder using two and three dimensional elasticity theory in two independent studies. They considered an incident plane wave excitation in their models. They used transfer function matrix to obtain the response of the multilayered elastic cylinder with the same matrix coefficient dimension which used for a single layer cylinder. Sound transmission through a periodically stiffened cylindrical shell was investigated by Lee and Kim [6] using Love equations for the motion of cylindrical shell and the principle of virtual work for the system. Again Lee and Kim [7] studied the sound transmission through a double walled cylindrical shell. The incoming noise idealized as a plane wave and inside the medium as an anechoic cavity. In this study, the classical thin-shell theory was used and the sound transmission was calculated from the interaction between the acoustic wave and the bending waves in the shell, besides the one dimensional sound transmission through the layers. Hasheminejad and Safari [23, 24] outlined the sound scattering by a viscoelastic structure immersed in viscous fluid that excited by incident plane wave. They investigated the scattered far field pressure and the form function amplitude for the sphere and cylinder filled by viscous fluid.
In the present paper, sound transmission through multilayered viscoelastic infinite cylinders is investigated. Wave propagation through the infinite cylindrical structure is evaluated using the technique of separation of variables on the basis of linear three-dimensional theory of elasticity. The expression for noise reduction is obtained by using the interfacial continuity of pressure and radial acceleration and appropriate acoustic impedance on the inner and outer surfaces. The material properties are considered as viscoelastic frequency dependent type. The analyses are performed for several cases to study the effect of various parameters such as, thickness and type of viscoelastic material in two layered cylinders, angle of incident wave and the motion of the external acoustic medium on the noise transmission. Finally, the results obtained from a part of infinite cylinder exposed to a uniform acoustic wave which is periodically masked from the incident wave are compared with those obtained from the infinite cylinder subjected to a plane wave excitation. Also the analysis of sound transmission of infinite cylinders subjected to a periodic wave excitation using the three dimensional theory of elasticity and considering frequency dependent viscoelastic material has not been done to the authors' knowledge yet.
Modeling of viscoelastic material
Absorbers, barriers, mufflers and silencers are used in different configurations to reduce structure-borne vibrations and noises. In most cases, vibrations are isolated or dissipated using isolator or damping materials. Damping controls the steady-state resonant response and attenuates traveling waves in the structure. Material damping is a way of modeling damping in noise reduction analysis. Viscoelastic material exhibits characteristics of both a viscous fluid and an elastic solid. The degree to which a material behaves either viscously or elastically depends mainly on the temperature and rate of loading (frequency). The dynamic properties (shear modulus, extensional modulus, and etc.) of linear viscoelastic materials can be represented by the complex modulus [4] . The viscoelastic materials such as rubbers, elastomers, rigid plastics and polymeric foams, are used intensively for sound and vibration control. Vibration and acoustic problems are usually solved in the frequency domain where the dynamic properties can effectively be characterized by the concept of complex modulus of elasticity. According to this concept the shear and Young's moduli of elasticity and also the Poisson's ratio of the material under vibration, whether isotropic or anisotropic, can be considered as a complex valued function of frequency in the linear range. Recently, there has been an increasing interest in determining the complex Poisson's ratio especially for acoustic materials; therefore, the related measurements concern the audio range or a part of it. It is frequently concluded that the dynamic Poisson's ratio is independent of frequency and the relevant loss factor is nearly zero as an outcome of measurements which made in a narrow frequency range [21, 25, 26] . The damping and dynamic elastic properties of materials play fundamental roles in different fields of acoustical applications. Experimental studies often show that damping and dynamic elastic properties of various solid materials increase with frequency over a finite bandwidth. In addition, a small increase of damping over a finite frequency range has been experienced in stiff structural materials, such as metals in which the damping is usually very low [11] . Acoustical and vibrational analysis requires a mathematical form of the frequency dependencies of dynamic properties. Fractional derivative models offer a powerful tool to describe variations of the dynamic properties over a narrow or wide frequency range without causality problem. Nevertheless, fractional calculus is not mathematically simple and direct because it is defined in the time domain. This relation has to be transformed into the frequency domain and behavior compared with the experimental results to validate the suitability of the fractional model. The method used in this paper is relatively simple and describes the material behavior directly in the frequency domain. The method is based on the experimental observation that the increase of damping in various solid materials appears to follow a simple frequency power law over a finite bandwidth [27] . Since damping and dynamic elastic properties of solid materials in acoustics and structural dynamics are usually characterized through the concept of complex modulus of elasticity, the shear modulusḠ is defined as:
where ω is circular frequency, G d is the dynamic modulus of elasticity, G l is the loss modulus and η G is the loss factor defined as:
The dynamic properties of materials used for acoustic purposes are usually measured in the audio range over the one to two decade bandwidth frequency. The experimental data often show that the damping properties of these materials increase with increasing the frequency. The increase of the loss modulus may obey a simple frequency power law defined by:
where α and c are constants and c > 0 and 0 < α < 1 in most solids. The interdependence between the dynamic modulus and loss modulus is defined through the Kramers-Kronig (K-K) dispersion relations. Consequently, the negligence of this relation in fitting the frequency functions to the experimental data, which is very common, may lead to a causality problem. The K-K relations are a pair of integral equation whose solution leads to a suitable form of the complex modulus [27] :
where G 0 is the static shear modulus. The above relationships are used to model the frequency dependent behavior of the viscoelastic material. 
Governing equation of hollow infinite cylinder
In this section the formulation are performed for an isotropic elastic infinite cylinder with the inner and outer radii of a and b as shown in Fig. 1 . The corresponding components of displacement vector u at a point consist of u r , u θ and u z in the r, θ and z directions respectively. The displacement equations governing the motion of the isotropic media are:
where ρ is the density, λ and µ are the Lame constants and ∇ 2 is the three-dimensional Laplacian operator. The most general solution of Eq. (5) may be obtained using Helmholtz decomposition technique as:
with
where ϕ and H are scalar and vector potential functions respectively and F is arbitrary and will be chosen subsequently [1] . Substituting (6) into the (5) results in the following wave equations:
where:
The constants C 1 and C 2 are the propagation velocities of dilatational and distortional waves in an infinite medium, respectively. The following set of general solutions can be obtained employing the technique of separation of variables as follows:
and J n and Y n denote the Bessel functions for real arguments that will be replaced by I n and K n for imaginary arguments, δ is wave number in the axial direction, n is circumferential wave number, F k and G k (k = 1, 2, 3, 4) are the constants and ω is the circular frequency. Substituting of (11) into (10), and the resultant equation into (6) leads to the following displacement components
In light of Eqs (12) and (13), two solution forms of symmetric mode and antisymmetric mode are obtained which are presented as upper and lower elements in the curly bracket respectively. Utilizing strain-displacement and stress-strain relations, the relevant stress components can be obtained. According to the procedure of solution derivation it can be seen that six of the coefficients F k and G k (k = 1, 2, 3, 4) are independent. Hence, without the loss of generality, the constants F 4 and G 4 can be set to zero. Therefore, in acoustical problems the displacement and stress expressions can be combined to express in complex functions in the axial direction. These expressions are performed in Appendix A. The aforementioned displacement and stress fields satisfy the equilibrium equations as they should.
To investigate a multi-layered circular cylinder, a cylinder that consists of a circular inner hollow cylinder bounded by a concentric outer cylinder is considered. With reference to the number of coefficients, A k , B k , where k = 1, 2, 3 in the stress and displacement components, the following continuity conditions must be applied at the cylinders interfaces:
where l denotes the lth layer, m and r l are the number of layers and outer radius of the lth layer respectively. To perform free vibration analysis, the infinite circular cylinder may be considered being traction free on the outer surface and therefore the boundary conditions become:
Assuming the gas exerts no traction force on the solid surface and by the means of acoustic impedance, the following inner surface boundary conditions can be defined:
where Z a is the acoustic impedance of the internal medium at the internal boundary wall which calculated as follows:
and P r ,u a , ρ a2 and C a2 are acoustic pressure, radial particle velocity, density and air sound speed respectively. Concerning boundary conditions (15) and (16), for a single layer cylinder, the six simultaneous equations which are linear and homogeneous in the constants A 1 , A 2 , A 3 , B 1 , B 2 and B 3 are obtained. For a nontrivial solution, the determinant formed from the A and B coefficients should be zero. This condition determines the eigen-frequencies of the system. For the case of a multilayered cylinder considering (14), (15) and (16), the coefficient matrix dimension is (6 m × 6 m) where m is the number of layers. The natural frequencies obtained from the system equation are resonance frequencies of the coupled system of the structure and internal acoustic medium. The mode maps (frequency vs geometry) of the system are presented later in the numerical results section. To calculate the sound transmission due to the incidence of an external acoustic wave, the boundary Eqs (15) and (16) are changed to provide the appropriate radial boundary conditions at the interfaces which are simply the continuity of radial velocities and stresses and will be performed in the following section.
Acoustics

Acoustic excitation
In the investigated cases, a plane wave is considered as the acoustical wave excitation. Therefore, to evaluate the sound scattering and transmission, a specific problem of a plane wave incident on a flexible infinite hollow cylinder exposed to a uniform flow on the exterior surface is considered as illustrated in Fig. 1 . All waves are considered to have the same dependency on the axial coordinate. The harmonic plane incident wave propagated in the positive x direction can be expressed as: (18) where P 0 is amplitude of the incident wave and
and (20) in which k 1 and C a1 are the wave number and sound speed in the external acoustic medium respectively. Expansion of Eq. (18) in the cylindrical coordinates represented by [20] is:
where n is circumferential wave number, k r is equal to the wave number in the x direction and Neumann factor ε n are defined as:
The expression obtained in this part is used to obtain the exterior acoustic field which is investigated in the following section.
Interaction of the acoustic field with the cylindrical structure
In this section the internal and external acoustic fields' equations are obtained and then from the continuity conditions and acting acoustic pressure relationships, the required equations for the noise reduction evaluation are derived. To calculate the pressure in the exterior field, the pressure field due to the incident wave, P i , and scattered wave of the cylinder, P s1 , must be superimposed. The pressure in the exterior field due to the scattering of the cylinder which has the density of ρ a1 and sound speed of C a1 satisfy the scalar Helmholtz equation, obtained as: (23) where P J and P Y are the coefficients. Since in the far field the outward scattered wave must take on the form of a plane wave as illustrated in Eq. (18), the relationship between the coefficients are obtained as:
Then Eq. (23) can be written as:
where H 2 n is the second kind Hankel function with the integer order of n. P s1 n = P J is an unknown coefficient which should be determined. The radial boundary conditions at the interfaces which imply the continuity of the radial velocities and stresses should be considered. The continuity condition between the radial pressure gradient and acceleration of the structure namely velocity condition represented as:
and
where P t is the total pressure (sum of the incident and scattered waves) acting on the structure surface, ρ a indicates the related medium density, u r and σ rr are radial structure displacement and stress at the interfaces of cylinder and acoustic medium respectively. Equation (26) denotes the continuity condition between the radial pressure gradient and acceleration of the structure and Eq. (27) shows the relationship between the ambient pressure and radial structure stress which is due to the acting pressure as a distributed force on the cylinder surfaces. In the case of external boundary conditions in Eqs (26) and (27) , P t is defined as P i + P s1 . Using the Eq. (A-1) from Appendix A, (21) and (25) in Eq. (26) leads to:
Using Eq. (A-4) from Appendix A and Eq. (27) yields:
where µ 1 is the Lame' constant of the outer layer of the cylinder. The interior acoustic field is represented by the density of ρ a2 and sound speed of C a2 . The scattered sound pressure of the interior field similar to that done for the exterior field can be represented as:
where
In the above representation for F n , ζ = i, denotes the transmitted sound pressure and ζ = 0 denotes the interior sound field considering the effect of interior acoustic resonance. A similar definition has been presented by Koval [16] . Using the values of 0 < |ζ| < 1, the sound absorption percentage of the interior walls can be modeled which may be scaled with the architectural absorption coefficient. This type of transmitted noise definition is used to separate the effects of structural resonances on the noise reduction from the effects of cavity resonances which will be investigated in the numerical results section. The continuity condition between internal pressure and acceleration of the structure are obtained using Eq. (A-1) in Appendix A and Eq. (30) into Eq. (26) , where in Eq. (26) P t replaced by P s2 , resulted as:
The relationship between the interior pressure and cylinder which is due to the acting internal pressure as a distributed force, is obtained using Eq. (A-4) from Appendix A and Eq. (30) into Eq. (27) which leads to:
where µ m is the Lame' constant for the inner layer of a multi-layer cylinder. To calculate the transmission of the incident plane wave into a multi-layered cylinder a system of Eqs (14), (15) and (16), in which the radial boundary conditions at the inner and outer radii are changed to those presented in Eqs (28), (29), (32) and (33), are formed with the matrix dimension of (6 m + 2) × (6 m + 2). These equations are linear in the constants A 1 , A 2 , A 3 , B 1 , B 2 , B 3 , P s1 n and P s2 n .
Effect of external moving medium on the oblique incident wave
The noise reduction results can depend on the velocity of the external moving medium. In this section the effect of external moving medium on the wave numbers of incident wave is investigated. To evaluate the effect of external moving medium on the sound transmission, the wave equation can be derived in the following form:
where ∇ 2 is the Laplacian operator and D Dt denotes substantial derivative time defined as:
where V x , V y and V z are velocity components of the external moving medium. In the case of plane wave excitation the effect of lateral waves due to the external moving medium on the noise reduction is investigated. The lateral motion of the external medium in the xz plane is presented in Fig. 1 . Using Eq. (18) into Eq. (34), the wave number can be obtained as:
where φ 1 and φ 2 are the angles of incident wave and external flow respectively and V is the amplitude of the moving medium velocity as shown in Fig. 1 . Considering the Eq. (36) it is seen that the external airflow changes the wave number of the propagated mechanical waves. Also it has no effect if the direction of the external flow is perpendicular to the direction of propagation of the wave, and has the maximum effect when they are in the same direction. To evaluate the pressure field in the interior field, the wave number in the inside acoustic medium can be determined from the wave number in the axial direction. It is noted that the wave numbers of the outer and inner surfaces should be the same. Therefore the relationship between the wave numbers of the interior and exterior acoustic field obtained as:
where φ 1 is the angle between scattered wave and axial direction. Using Eqs (36) and (37) and considering the relationship between the k z and k s2 , the wave number in the r direction for the scattered wave can be obtained as follow:
Evaluation of the effect of exterior moving media and the angle of incident wave on the noise reduction is investigated in the numerical results section.
Noise reduction definition
In this work the noise reduction is calculated using the average of sound pressure square on the interior and exterior surfaces of the cylinder which is calculated as: where P is the internal or external sound pressure acting on the body surfaces and S is the related surface. Then the noise reduction (NR) is calculated as:
whereP 2 out is the time and surface average of the pressure acting on the external surface of the cylinder andP 2 in is the time and surface average of the scattered pressure on the internal surface of the cylinder. The above identification of the noise reduction prediction is simple and applicable to experimental evaluation. Also with regard to the definition of internal scattered wave function of F n , which is included the Bessel function of the second kind, it is known on the internal surface and can be integrated.
Parameters study
The effect of air inside the cylinder on the natural frequency map is examined for a cylinder made of aluminum and then the sound transmission loss of the system is investigated. To evaluate the effect of using viscoelastic material on the noise reduction, a two layered hollow cylinder made of aluminum and a hard viscoelastic rubber is considered for the analyses. The material properties are presented in Table 1 . The parameters in the frequency power law-model fitted to the existed experimental data of a rubber are nearly similar to those reported in [27] . Aluminum is modeled as a lightly damped material with constant Young's modulus loss factor of 0.005 [2] . Structural damping is used as the damping model. The acoustic medium is standard air with a density of 1.21 kg/m 3 and a sound speed of 343 m/s. To validate the noise reduction results obtained from the present work, a steel cylinder is considered. The ratio of the internal to the outer radii a/b = 0.95 with the rigid walls (ζ = 0), is considered. In this analysis the first four circumferential wave numbers are considered to evaluate the monostatic back scattering noise reduction of the mentioned cylinder under a plane wave excitation. The noise reduction results calculated from the model are compared with those obtained in [9] as shown in Fig. 2 . Where the non-dimensional frequency is defined as:
and C a is related sound speed of the medium. The agreement between the results shows the validity of the calculations.
Effect of interior acoustic field on the natural frequencies mode map
In this section the natural frequencies of the coupled system are calculated. According to Appendix A and the boundary conditions presented in Eqs (15) and (16) a linear algebraic equation can be generated. Natural frequencies of the system can be calculated by setting the determinant of the coefficients equal to zero. To illustrate the effect of interior acoustic field on the mode map of natural frequencies, standard air is considered as the interior acoustic medium of the aluminum cylinder. For instance, the mode map for circumferential wave number of one (n = 1) is illustrated in Fig. 3 . The results show that 5th and 6th natural frequencies of the air medium are coupled with that of the 2nd solid mode map. The mode maps for the coupled system are changed as shown in Fig. 3 . For example in this case the part of the 2nd solid mode map belongs to the 7th mode map of the coupled system and the rest of that follows the 8th mode map. Then for the noise reduction evaluation of a coupled system, with regard to the mode maps, all of the resonances frequencies should be taken into account. This consideration is studied in the following section. 
Noise reduction in non external flow condition
In this part some considerations in the noise reduction calculation of a coupled system are investigated. The effect of cavity resonance, frequency independent viscoelastic material (VEM) and moving exterior medium on the noise reduction are calculated.
Noise reduction considering cavity resonances
A hollow aluminum circular cylinder with a/b = 0.994 exposed to the vertical incident plane wave is considered. In this case the noise reduction can be obtained using Eq. (40). Figure 3 shows that in light gas such as air, high modes of the acoustical medium are coupled with the low modes of the structure. Then to obtain the noise reduction in a frequency bandwidth, the minimum number of terms which must be used in the series to consider the effect of cavity resonances on the noise reduction, depends on the zeros of the derivative of F n (k s2 r), with respect to the related argument, for interior acoustic resonances with the rigid walls (ζ = 0). Figure 4 -b shows the amplitude of the derivative of the function F n verses non-dimensional frequency. The zeros of the function F n can be recognized to represent the resonance frequencies of the cavity. Figure 4 -b shows that in the frequency range the circumferential wave number n 6, has no resonances of the interior acoustic field. Therefore, the minimum terms that capture the entire cavity resonances are the first five wave numbers. Also by considering insufficient number of modes in the calculations as shown for n = 4 in Fig. 4 -a, the achieved noise reduction is greater than the accurate value (between non-dimensional frequencies 6 and 7), such as that obtained in [9] . In this reference only the first three acoustical modes were considered. In addition, due to the coupling of the higher modes of the acoustic medium with the lower modes of the structure, as shown in Fig. 3 , the internal acoustic resonances are more important than those of the structural modes in the interested frequency range for noise reduction analyses.
Constant and frequency dependent VEM
The loss factor of lightly damped materials such as metals can be considered constant with no noticeable error in results [27] . The property of viscoelastic materials can be assumed constant in a narrow band frequency but not over a wide frequency range. In this part a viscoelastic single layer cylinder with the boundary conditions explained in Section 4-2 is considered. To evaluate the effect of constant and frequency dependent VEM properties on the noise reduction, the hard rubber presented in Table 1 is used for the VEM cylinder with a/b = 0.994 exposed to the vertical plane wave. The related viscoelastic material properties are presented in Fig. 5 . Three loss factors considered for the noise reduction calculation are in Table 2 , obtained from the power law method defined by Eq. (3). It should be noted that in the current and following parts the effect of cavity resonance on the noise reduction has been disregarded in the calculations. Therefore the interior medium of the cylinder has been considered to be perfectly absorbent (ζ = i). This consideration provides the capability to study the effects of different parameters on the noise reduction individually. The noise reduction without the cavity resonance effect is calculated and depicted in Fig. 6 . This figure shows that considering constant viscoelastic material properties causes noticeable differences at low frequencies and near to the resonance frequency of the structure. But in the rest of the frequency range (higher than 6), the difference becomes small. Therefore, the constant value can be used for the viscoelastic properties only in the high frequency range far from the structural resonances zone. 
Comparison of the VEM and aluminum layers
To evaluate the effect of the internal viscoelastic layer on the noise reduction, two-layered hollow cylinders are considered. The external layer is made of aluminum for all models. But, the internal layer is made of aluminum or viscoelastic material in various models. The boundary conditions on the internal and external faces of the models are the same as those presented in the previous section. The boundary conditions presented in Eq. (14) are also applied between the layers of the cylinders. In these models, the thickness of the external cylinder remains unchanged. The thickness of the internal layer made of viscoelastic material (VEM) is selected based on the internal layer thickness of the two-layered aluminum model with the condition that the total weight of the body remains constant comparing with the fully aluminum models. Therefore, the relation between the thicknesses of the two different materials with equal weight in cylindrical shape is defined as:
where ∆ is the thickness of the layer. In these analyses three models with various external and internal layers thicknesses are considered. In the first model, an aluminum cylinder with the external layer thickness of 3 mm and a/b = 0.994 with an aluminum internal layer of 1 mm thickness is considered. The obtained noise reduction due to the use of 1 mm internal aluminum layer is compared with those obtained using internal viscoelastic material layers with the thicknesses of 1.0 mm and 1.802 mm. It is noted that the weight of viscoelastic layer with the thickness of 1.802 mm is equal to the aluminum internal layer of 1.0 mm thickness. Figure 7 shows that the noise reduction obtained using both VEM internal layers are almost similar to those obtained from that using the aluminum internal layer at very low frequencies. But at the middle range of the presented frequencies the noise reduction obtained using the VEM layers is better than that obtained from the aluminum layer by the magnitudes of about 1.5 to 3 dB in the non-dimensional frequency of 8-30. In general Fig. 7 shows that the VEM is more effective than the aluminum layer in reducing the effect of structural resonances on the noise reduction. At high frequencies, the effect of using the VEM internal layer for noise reduction is less than that using the aluminum internal layer with the same thickness, but it is useful for decreasing the effects of structural resonances on the obtained noise reduction.
A second model, a thicker cylinder with the thickness of 50 mm and a/b = 0.9, is considered. An aluminum layer of 10 mm and viscoelastic internal layers of 10 mm and 18.17 mm thicknesses are considered as three individual internal layers. The VEM layer of 18.17 mm thickness has the same weight as the 10 mm thickness aluminum layer. The results presented in Fig. 8 show that the noise reduction obtained using aluminum internal layer is slightly more than those obtained using VEM internal layer at very low frequencies. But as the frequency increases the results obtained using the VEM internal layer are better. Furthermore using the viscoelastic internal layer is successful in reducing the effect of structural resonances on the noise reduction as shown in Fig. 8 . Comparing the results presented in Fig. 8 and those in Fig. 7 shows that using a VEM internal layer with the same thickness of an aluminum internal layer, a better noise reduction in higher frequencies is obtained for thick cylinders in comparison with those obtained for thinner cylinder (Fig. 7) .
A third investigation a thick cylinder with the thickness of 100 mm and a/b = 0.8 internally covered by an aluminum layer of 50 mm, the VEM layers of 50 mm and 95.86 mm thicknesses, is considered. The internal viscoelastic layer of 95.86 mm thickness has the same weight as the aluminum internal layer. The noise reduction results of the cylinders with these internal layers are presented in Fig. 9 . This figure shows that the noise reduction results have the same trend as those obtained for the previous thick cylinder in Fig. 8 . This figure also shows that at very low frequencies using the aluminum internal layer is more effective than using VEM internal layer for noise reduction. But by increasing the frequency, the noise reduction obtained using VEM internal layer is higher than that obtained from using an aluminum internal layer. The effect of the structural resonances on the noise reduction is the same as the before mentioned cases. The noise reductions obtained using the VEM and aluminum internal layers with the same thicknesses become almost the same at high frequencies.
Based on the investigated cases in this section, it can be concluded that using the viscoelastic internal layer instead of the aluminum layer with the equal weight results in a better noise reduction in thin cylinders. A better noise reduction at high frequencies can be obtained when a viscoelastic layer is used instead of a metal internal layer with the same thickness. 
Effect of VEM internal layer thickness on noise reduction
In this section, the effect of the ratio between the thickness of the VEM internal layer and the structural base thickness on the noise reduction is studied for the aluminum cylinder with the thickness of 3 mm and a/b = 0.994. Differences of the noise reduction (dNR) calculated from the following equation, Eq. (43), are studied as a function of the ratio of the VEM internal layer to the structural thickness.
where N R i is the average of the noise reduction related to the use of VEM internal layer and N R 0 is the average of the noise reduction in the aluminum structure without using the viscoelastic internal layer. The results are shown in Fig. 10 , and are presented in two non-dimensional frequency bands: below 10, and between 10 and 60. It can be seen that the noise reduction increases nonlinearly with increasing thickness of the viscoelastic internal layer. At low frequencies below 10, the increase of the average of the noise reduction is smaller than that obtained for the high frequencies of more than 10. It can also be seen that around the thickness ratio of 2.5 and bigger, increasing the VEM thickness is not useful for noise reduction purposes. Finally, it is concluded that using VEM internal layers is less effective in the non-dimensional frequency range lower than 10 for the range between 10 and 60.
Using VEM as an internal or external layer
Using the VEM layer as an internal or external layer for a base structure of a hollow cylinder is usually dictated by the type of application and existed constrained in the structure. The effect of using the viscoelastic layer as the internal or external layer on noise reduction is examined for thin and thick VEM layers. The noise reductions are presented for four different cases in Fig. 11 , where R is the ratio of VEM layer thickness to the aluminum cylinder thickness. In these analyses the aluminum cylinder thickness of 10 mm and a/b = 0.8 is considered. The results obtained using the thin VEM layers (R = 0.1) in this figure shows that the differences between the obtained noise reductions using the VEM as an internal layer or an external layer are not noticeable. In the case of using thick layers (R = 1.0), this figure shows that using the VEM layer on the internal surface of the structure is more effective than using it on the external surface of the cylinder at almost all frequencies. It is noted that the noise reductions using the external layer with R = 1.0 at the frequencies lower than 10 are almost similar to those obtained using R = 0.1. In the non-dimensional frequency range of between 10 and 60 for R = 1.0, using the external VEM layer causes the average of obtained noise reduction about 4 dB less than that using the internal layer with the same thicknesses. It can be explained that this phenomenon is attributable to the reduction of the internal radius of the cylinder when the VEM layer is used. The geometrical changes of the cylinder such as internal radius, affect the acoustic impedance of the interior medium.
Effect of exterior moving medium on noise reduction
To evaluate effect of the incident angle of the wave and external flow on the sound transmission, the aforementioned two layered cylinder made of aluminum base cylinder with the thickness of 3 mm, a/b = 0.994 and the VEM internal layer with the thickness of 2 mm is considered. The effect of the various incident angle of the plane wave on the noise reduction of this two layered cylinder is obtained and depicted in Fig. 12 . This figure shows that the noise reduction trends for the angle of incidents of below 45
• are almost the same and those obtained for the incident angle of higher than 45
• . At the very low and high frequency ranges, by decreasing in the angle of incident below 45
• , the noise reduction increases extremely. It should be noted that the results for the angles of greater than 90
• are repeated symmetrically with respect to the x coordinate as shown in Fig. 1 .
To evaluate the effect of exterior medium motion on the noise reduction a unit plane wave incident to a two layered cylinder with the aforementioned geometry (φ 1 = 30
• ) is considered. The results for various angles of incident airflow with the velocity of 0.2 times of the sound speed are presented in Fig. 13 . This figure shows that the maximum differences of the noise reductions between the conditions of no flow and external airflow occurs around the structural frequencies resonances and it occurs at airflow angle of 30
• which is equal to the incident angle of considered plane wave. The noise reduction for different angles of incident medium becomes nearly constant, 3 dB, when the frequency increases beyond 30. But at the angle of 150
• , the noise reduction decreases about 5 dB with respect to the no flow condition. It becomes a nearly constant value of 8 dB at higher frequencies around the structural resonance frequency.
To evaluate the effect of exterior velocity value on the noise reduction, the cylinder with φ x = 30
• and φ y = 0 
Practical consideration in evaluation of noise reduction
In this section, the calculation procedure for the noise reduction analyses of an infinite cylinder is modified to analyze two practical cases. To evaluate the results obtained from the theoretical method some consideration may be useful to match the situation of cylinders found in practice. Two considerations of anechoic internal medium and the plane wave incident on an infinite cylinder are presented in this section.
Interior absorption
Two types of noise reduction analyses may be performed for various problems. The first one is considering the internal wall of a cylinder which is acoustically rigid and the second one is considering an anechoic condition for the interior medium. Using Eq. (31) with the values of ζ equal to 0 and i provides these two conditions respectively, although the unit value of ζ is useful to evaluate the effect of the cylinder structure on noise reduction and to avoid considering of the interior acoustic cavity resonances on the results. But in practice making a fully anechoic condition in a cylinder is too difficult and these results may not be obtained as a result of practical condition such as those presented in [7] . By choosing a value of 0 < |ζ| < 1, it is possible to scale the results with the real condition of interior sound absorption such as architecture absorption coefficient. The noise reductions obtained for different values of ζ are presented in Fig. 15 . The geometry and properties of the two-layered cylinder are the same as those presented in Section 5-3. This figure shows that by choosing a value of ζ the percentage effect of the interior acoustic cavity resonances on the noise reduction can be determined. It is important to note that this type of absorption is different from considering fluid absorption which obtained by choosing a complex value for density of medium and can be scaled with the structural damping.
Noise reduction of a periodically uniform incident wave
The three-dimensional elasticity solution for the infinite cylinder is provided to evaluate the vibration of cylinders under excitations which periodically applied in the axial direction of the cylinder. Another application of this solution is the modeling of a cylinder as a part of the infinite cylinder. In the axial direction the exponential function can be separated into two solution forms of symmetric and antisymmetric as mentioned before. Considering the first form solution for T(δz), cosine function, a boundary condition obtained by constraining the displacement in the axial direction at the ends (u z = 0). In the practical situation, applying the supports on a cylinder covers a part of the cylinder which masks this part from the incident wave as shown in Fig. 16 . To evaluate the effect of this condition on the noise reduction results, a two-layered cylinder with the half-length to outer-radius ratio (l/b) of one is considered. The external and internal layers are made of aluminum and VEM respectively. The geometry and properties of the cylinder are the same as those presented in previous section. The Fourier series of a uniform wave which is distributed from −z 0 to z 0 in the z direction can be expressed as: 
where k is the axial wave number, l is half length of the cylinder and z 0 is the percentage of the half-length exposed to the incident wave. In this case, the sound scattering equations presented in Eqs (25) and (30) 
where ε k are defined as follows:
The noise reductions for various values of z 0 /l ratio with l/b = 1 and ζ = i are presented in Fig. 16 . This figure shows that by increasing the z 0 /l ratio the noise reductions are similar to those obtained from the plane wave analysis of an infinite cylinder. To prevent clutter of the graphs, noise reductions obtained for the z 0 /l ratios of between 0.9-0.99 are not presented here. In the non-dimensional frequency range of less than 30, when z 0 /l > 0.9, the differences between the noise reduction obtained for the infinite cylinder under the plane wave excitation and those presented in Fig. 16 are less than 1 dB and when the ratio of z 0 /l is greater than 0.95 are less than 0.5 db. Figure 16 shows that the noise reduction results obtained for the case with z 0 /l = 0.99 is in good agreement with that obtained from a plane wave excitation of the infinite cylinder, the differences between the obtained results from the two solutions are less than 0.02 db. For the non-dimensional frequency range of more than 30, the differences tend to decrease asymptotically to become constant. It can be seen that the noise reduction differences between the plane wave and uniform periodical wave is less than 1 dB for the case of z 0 /l = 0.9. This value decreases as l/b increases, e.g.: for l/b = 10, the differences reduce to less than 0.2 dB. Choosing the holders in a form that covered less than 0.1 times the cylinder length, the results should be close to those obtained for the ideal form of the plane wave excitation.
Conclusion
An analytical solution as well as numerical results concerning the interaction of a plane wave with a viscoelastic infinite cylinder coupled with internal and external air media was presented. The noise reduction was calculated in the context of sound transmission into an infinite cylinder subjected to the incident plane wave and external airflow. It was shown that considering properties of the viscoelastic material to be frequency independent causes some errors in the noise reduction calculation in the low frequency range and around the structural resonance. The results also showed that using a viscoelastic material with high loss factor leads to a uniform noise reduction and the effects of structural resonances is reduced, especially in the middle and high frequency ranges. Using viscoelastic material on the internal or external surface of an aluminum cylinder is important for thick cylinders. The study of the effects of direction and the value of external airflow velocity showed that the noise reduction obtained in the non-flow condition should be modified for practical conditions which may cause some differences in the results. Using the ζ coefficient for noise reduction calculation is a useful parameter to control the percentage of the internal acoustic field resonances effect on the noise reduction. The evaluation of noise reduction of the infinite cylinder which is partially masked from the uniform incident wave provides some insights in modeling the practical systems subjected to the incident plane wave.
Appendix A
The displacement and stress components can be expressed in complex form in z direction as: 
